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QUANTUM ELECTRODYNAMICS IN A LASER
AND THE ELECTRON LASER COLLISION
ZHANG QI-REN
School of Physics, Peking University, Beijing 100871, China
Quantum electrodynamics in a laser is formulated, in which the electron-laser interaction is exactly
considered, while the interaction of an electron and a single photon is considered by perturbation.
The formulation is applied to the electron-laser collisions. The effect of coherence between photons
in the laser is therefore fully considered in these collisions. The possibility of γ−ray laser generation
by use of this kind of collision is discussed.
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I. INTRODUCTION
The matter-laser interaction is an interesting topic in
physics. Many interesting new phenomena are waiting
us to explore[1–10]. Theoretically, the problem is how to
solve the wave equation of charged particles under the
joint actions of the laser and of other origins. Therefore,
the easiest problem in this area is the electron-laser colli-
sion. To solve it one needs only to solve the wave equation
of an electron in a classical electromagnetic field present-
ing the laser only. For a plane wave laser it is already
solved[11, 12]. Of course, even in a simple electron-laser
collision, some photons other than those in the source
laser may be created or absorbed. The fundamental the-
ory for researching these processes has to be quantum
electrodynamics.
Quantum electrodynamics is the most successful the-
ory in physics[13]. Its main applications were to various
processes participated by a few photons and electrons
only. In these applications, it is called the quantum elec-
trodynamics in vacuum. Its results always agree with
observations to a precision as high as achievable by the
present experiments. This is partially because the small-
ness of the fundamental electromagnetic coupling con-
stant, and the renormalizability of the theory, so that
the perturbation theory is applicable. However, in the
electron-laser processes, the interaction, though is still
of the electromagnetic origin, is not weak because the
coherence of huge number photons interacting with the
electron. To handle the non-perturbation character in
these processes one needs some new methods in quantum
electrodynamics. Here we formulate a quantum electro-
dynamics in laser, in which the vacuum state of electro-
magnetic field in usual formulation is substituted by a
coherent state of photons describing the laser. In the
following we will show that, this formulation is a new
picture of quantum electrodynamics, equivalent to its
other pictures, but specially suitable for the treatment
of electromagnetic processes with a laser. The interac-
tion of electrons with the laser is exactly considered, but
the interaction between electrons and the photons other
than those in the laser is still handled by perturbation.
The electron laser scattering is demonstrated as an ex-
ample, with special interest in the possible construction
of a γ−ray laser.
In section II we reform the quantum electrodynamics,
so that instead to quantize the electromagnetic field it-
self we quantize the fluctuation of it around one of its
classical solutions, the laser field. As a contrast, the
usual quantization method of electrodynamics in vacuum
is also shortly reviewed. In section III we apply the ob-
tained formulation to the case of quantum electrodynam-
ics in a circularly polarized laser, and transform it into
a picture, in which the Hamiltonian is divided into two
parts, one is time independent and another is a small
perturbation. In section IV we solve the eigen-equation
of the time independent unperturbed Hamiltonian, ob-
tain a complete orthonormal set of eigenfunctions for the
electron. By expanding the electron field in terms of this
set of eigenfunctions, we quantize the electron field in
the laser. The formulation is completed. In section V
we apply this formulation to the electron laser collision,
the expression of the cross section is obtained, and some
examples of numerical results are shown. In section VI
more numerical results are shown. Especially, the case
of large N is discussed in some details. N is an integer,
may be imagined to be the number of photons in the
laser, which participate the collision. But from an anal-
ysis of the mathematical derivation we see, its presence
is a result of the electron wave distortion by the laser.
In section VII the possibility of making a γ−ray laser by
the electron laser collision is considered. Section VIII is
for discussions.
II. QUANTIZATION OF ELECTROMAGNETIC
FIELD AROUND ONE OF ITS CLASSICAL
EXPRESSION, THE QUANTUM
ELECTRODYNAMICS IN A LASER
Consider an electrodynamic system composed of elec-
trons and photons. In the nature unit system (c = h¯ =
1), its Lagrangian density is
L = −Ψ¯ [γµ(∂µ + ieAµ) +m] Ψ− 1
4
FµνFµν , (1)
2with
Fµν = ∂µAν − ∂νAµ. (2)
Ψ denotes the electron field, [Aµ] with µ = 1, 2, 3, 4 de-
note the 4-electromagnetic potential, e is the absolute
value of the electron charge, and m is the electron mass.
Notations in Lurie’s book[14] are used here. By a stan-
dard procedure collecting the contributions of longitu-
dinal and temporal components of the electromagnetic
potential into a coulomb energy
Hc =
1
2
∫
d3x
∫
d3x′Ψ†(x)Ψ(x)
α
|x− x′|Ψ
†(x′)Ψ(x′)
(3)
one obtains the Hamiltonian
H = H1 +H2 +Hc (4)
of the system in Coulomb gauge, with
H1 =
∫
Ψ†[α · (p+ eA) + βm]Ψd3x, (5)
H2 =
1
2
∫
(E2 +H2)d3x. (6)
α ≡ e2/4pi = 1/137. · · · is the fine structure con-
stant showing the strength of the electromagnetic in-
teraction; p = −i∇ is the momentum of an electron;
E = −∂A/∂t is the transverse electric field strength un-
der the Coulomb gauge condition
∇ ·A = 0; (7)
H = ∇ × A is the magnetic field strength. Since Hc
is of the higher order of the small parameter
√
α, and
is proportional to the square of electron number density,
one needs to consider the first two terms only in eq.(4)
for processes participated by a few electrons and photons,
unless the electron number density in the problem is as
high as that in atoms. It is to consider the Hamiltonian
Hs = H1 +H2. (8)
Expand Ψ(x) and Ψ¯(x) in terms of the complete or-
thonormal set of eigenfunctions 1√
(2pi)3
uσ(p) exp (ip · x)
and 1√
(2pi)3
vσ(p) exp (−ip · x) of the single electron en-
ergy operator α · (−i∇) + βm in vacuum, in which
bispinors uσ(p) and vσ(p) satisfy equations
(α · p+ βm)uσ(p) = E(p)uσ(p) , (9)
(α · p− βm) vσ(p) = E(p)vσ(p) , (10)
with
E(p) =
√
p2 +m2 , (11)
u†σ(p)uσ′(p) = δσσ′ (12)
v†σ(p)vσ′(p) = δσσ′ , (13)
u†σ(p)vσ′ (p) = v
†
σ(p)uσ′(p) = 0 , (14)
σ is the spin index. We have
Ψ(x) =
∫
d3p√
(2pi)3
∑
σ
[
cσ(p)uσ(p)e
ip·x
+ d†σ(p)vσ(p)e
−ip·x] , (15)
Ψ¯(x) =
∫
d3p√
(2pi)3
∑
σ
[
dσ(p)v¯σ(p)e
ip·x
+ c†σ(p)u¯σ(p)e
−ip·x] . (16)
In the same way, expanding A(x) in terms of transverse
plane waves 1√
(2pi)32k
eie
ik·x, i = 1, 2, with
e∗i · ei′ = δii′ , (17)
e∗i · k = 0, (18)
we have
A(x)=
∫
d3k
∑
i
[
ai(k)
eie
ik·x√
(2pi)32k
+a†i (k)
e∗i e
−ik·x√
(2pi)32k
]
.(19)
cσ, c
†
σ, dσ, d
†
σ, ai and a
†
i are expansion coefficients. Quan-
tization rules are
cσ(p)cσ′ (p
′) + cσ′(p′)cσ(p)
= dσ(p)dσ′(p
′) + dσ′(p′)dσ(p)
= cσ(p)dσ′ (p
′) + dσ′ (p′)cσ(p)
= cσ(p)d
†
σ′ (p
′) + d†σ′ (p
′)cσ(p) = 0 , (20)
cσ(p)c
†
σ′ (p
′) + c†σ′(p
′)cσ(p)
= dσ(p)d
†
σ′(p
′) + d†σ′(p
′)dσ(p)
= δσσ′δ(p− p′) , (21)
ai(k)ai′(k
′)− ai′(k′)ai(k) = 0 , (22)
ai(k)a
†
i′(k
′)− a†i′(k′)ai(k) = δii′δ(k − k′) . (23)
ai(k) and a
†
i (k) always commute with cσ(p) and dσ(p).
The vacuum state |0〉 is defined by
cσ(p)|0〉 = dσ(p)|0〉 = ai(k)|0〉 = 0. (24)
It is a state without any electron, positron or photon,
and is therefore a vacuum state in its usual meaning.
This formulation is called the quantum electrodynamics
in vacuum.
In the Schro¨dinger picture, operators cσ, dσ and ai are
time independent, and the state vector |t〉 depends on
time t according to the Schro¨dinger equation
i
d|t〉
dt
= Hs|t〉. (25)
Consider a time dependent unitary transformation gener-
ated by the operator eiH2t. It transforms the state vector
|〉 and the operator O into
|〉(ei) ≡ eiH2t|〉 and O(ei) ≡ eiH2tOe−iH2t (26)
3respectively. Substituting (19) into (6) we have
H2 =
∫ ∑
i
k
2
(a†i (k)ai(k) + ai(k)a
†
i (k))d
3k. (27)
It shows cσ(ei)(p) = cσ(p), dσ(ei)(p) = dσ(p), but
ai(ei)(k) = ai(k)e
−ikt. The free motion of the elec-
tromagnetic field is therefore already considered in the
transformation. In this picture, the time dependence of
the state is governed by the equation
i
d|t〉(ei)
dt
= H1(ei)|t〉(ei). (28)
H1(ei) is the Hamiltonian for the electron motion and the
electron-photon interaction in this picture, with
A(ei)(x) =
∫
d3k
∑
i
[
ai(k)
eie
i(k·x−kt)√
(2pi)32k
+ a†i (k)
e∗i e
−i(k·x−kt)√
(2pi)32k
]
. (29)
We may therefore call this picture the electron-
interaction picture, and denote it by the subscript (ei).
A laser is a classical limit of the intense electromag-
netic wave and is well described by the classical vector
potential
Ac(x) =
∫
d3k
∑
i
[
aic(k)
eie
i(k·x−kt)√
(2pi)32k
+ a∗ic(k)
e∗i e
−i(k·x−kt)√
(2pi)32k
]
, (30)
aic and a
∗
ic are c-number expansion coefficients. Now,
instead A(x), let us consider the fluctuation
A′(x) ≡ A(ei)(x)−Ac(x)=
∫
d3k
∑
i
[
a′i(k)
eie
i(k·x−kt)√
(2pi)32k
+ a′i
†
(k)
e∗i e
−i(k·x−kt)√
(2pi)32k
]
(31)
of vector potential A around the laser Ac, in which
a′i(k) = ai(k)− aic(k). (32)
Since aic(k) and a
∗
ic(k) are c-numbers, we see
a′i(k)a
′
i′ (k
′)− a′i′(k′)a′i(k) = 0 , (33)
a′i(k)a
′
i′
†
(k′)− a′i′†(k′)a′i(k) = δii′δ(k − k′) . (34)
These equations may also be viewed as the quantization
rules for the electromagnetic field, equivalent to equa-
tions (22) and (23). This is the quantization of electro-
magnetic field around one of its classical process. The
’vacuum state’ |[ai′c(k′)]; 0〉 of electromagnetic field fluc-
tuation in this formulation is defined by
a′i(k)|[ai′c(k′)]; 0〉 = 0. (35)
By (32), we see
ai(k)|[ai′c(k′)]; 0〉 = aic(k)|[ai′c(k′)]; 0〉. (36)
It shows that this is a coherent state of electromagnetic
field with amplitudes [ai′c(k
′)], describing the laser (30).
We call this formulation the quantum electrodynamics in
a laser.
III. QUANTUM ELECTRODYNAMICS IN A
CIRCULARLY POLARIZED LASER, THE
ROTATION PICTURE
In the Coulomb gauge, a circularly polarized laser is
well described by the classical vector potential
Ac(x) = Ac{x0 cos[kc(z − t)] + y0 sin[kc(z − t)]} . (37)
It is a plane wave circularly polarized in the x− y plane
and propagating along the z direction, with a wave vector
kc = kcz0 and an amplitude Ac. x0, y0 and z0 are unit
vectors along x, y and z directions respectively. Writing
it in the form (30), we see
aic(k) =
√
(2pi)3kc Acδi1δ(k − kc) (38)
and
e1 ≡ e = x0 − iy0√
2
(for k = kc). (39)
By equations (5),(26) and (31) we obtain
H1(ei) = H0 +H
′, (40)
H0 =
∫
Ψ†[α · (p+ eAc) + βm]Ψd3x, (41)
H ′ = e
∫
Ψ†α ·A′Ψd3x. (42)
Equation (37) shows, H0 is time dependent. Fortunately,
a time dependent unitary transformation generated by
the operator e−ikctJz may remove the time dependence
of H0, in which
Jz ≡
∫
Ψ†jzΨd3x (43)
is the z-component of the angular momentum for the
electron system, with
jz = −i ∂
∂ϕ
+
Σz
2
(44)
being the z-component of the angular momentum for one
electron. ϕ is the azimuth angle of the electron and Σz
4is the z-component of the Pauli matrices. This transfor-
mation changes the state vector |〉 and operator O into
|〉r = e−ikctJz |〉 and Or = e−ikctJzOeikctJz (45)
respectively. It is a rotation around the z-direction with
angular velocity kc, the resulting picture is therefore
called the rotation picture, and denoted by the subscript
r. Simple derivation shows
H0r=
∫
Ψ†{α ·p+eAc[αxcos(kcz)+αysin(kcz)]+βm}Ψd3x,
(46)
which is indeed time independent. The time dependence
of state vector in this picture is governed by
i
∂|〉r
∂t
= (kcJz +H0r +H
′
r)|〉r . (47)
Take
H0r+ ≡ H0r + kcJz =
∫
Ψ†{α · p+ eAc[αx cos(kcz)
+ αy sin(kcz)] + βm+ kcjz}Ψd3x (48)
to be the unperturbed Hamiltonian, and
H ′r = e
∫
d3x
∫
d3k
∑
i
Ψ†
[
a′i(k)
α · eirei(kr·x−kt)√
(2pi)32k
+a′i
†
(k)
α · e∗ire−i(kr·x−kt)√
(2pi)32k
]
Ψ (49)
to be the perturbation, with
kr = [kx cos(kct)− ky sin(kct)]x0
+ [kx sin(kct) + ky cos(kct)]y0 + kzz0, (50)
eir = [eix cos(kct)− eiy sin(kct)]x0
+ [eix sin(kct) + eiy cos(kct)]y0 + eizz0, (51)
one may solve the equation (47) by the usual perturba-
tion procedure. The smallness of electromagnetic cou-
pling constant
√
α makes the procedure reliable.
From eqs. (50) and (51) we see that plane waves
eire
i(kr·x−kt) in the interaction Hamiltonian (49) rotate
around the z axis with angular velocity kc. The picture
transformation (45) stops the rotation of the circularly
polarized laser environment in H0 and starts the rotation
of the quantum modes of the electromagnetic field fluc-
tuations around an opposite direction in H ′. However,
the contents of the theory and the resulting prediction of
observation do not change.
IV. QUANTIZATION OF THE ELECTRON
FIELD IN A CIRCULARLY POLARIZED LASER
AND THE ROTATION-INTERACTION PICTURE
To quantize the electron field Ψ in the rotation picture,
one has to expand it in terms of a set of orthonormal
functions [ψn], which diagonalizes H0r+. It requires
{α·(−i∇)+eAc[αx cos(kcz)+αy sin(kcz)]
+ βm+kcjz}ψn(x) = εnψn(x). (52)
This is an eigenequation, ψn is the eigenfunction and εn
is the eigenvalue. We derive the eigenfunctions from the
Wolkow solution[11, 12] of the Dirac equation for an elec-
tron in a plane electromagnetic wave. In the circularly
polarized plane wave (37), the Dirac equation is
i
∂ψ
∂t
= {α·(−i∇)+eAc[αx cosφ+αy sinφ]+βm}ψ, (53)
with φ ≡ kc(z − t). Its Wolkow solution is
ψw(x) = e
ipµxµF(φ), (54)
with
F(φ) = {1− eAckc[αx cosφ+ αy sinφ
+i(Σy cosφ− Σx sinφ)]/2kµpµ} exp{−ie[2Ac(px sinφ
−py cosφ) + eA2cφ+ C]/2kµpµ}u, (55)
C is a constant, u is a Dirac bispinor satisfying the Dirac
equation
(γµpµ − im)u = 0 (56)
for a free electron.The solution is characterized by quan-
tum numbers pµ, µ = 1, 2, 3, 4, satisfying the energy-
momentum relation pµpµ = −m2 of a free electron. Write
px = p⊥ cosϕp and py = p⊥ sinϕp, we see
ψr(x, t) ≡ e−ikctJzψw(x, t) = ei(pzz−Et)
{
1− eAc
2(pz − E) [αx cos kcz + αy sin kcz + i(Σy cos kcz − Σx sin kcz)]
}
×exp
{
ip
⊥
[
(x− eAc
kc(pz − E) sinkcz) cos(kct+ ϕp) + (y +
eAc
kc(pz − E) cos kcz) sin(kct+ ϕp)
]}
×exp
[
−ie
2A2c(z − t)
2(pz − E) − iC
′
]
e−i
kctΣz
2 u. (57)
5C′ is another constant, E = ±
√
p2 +m2 is the energy of
a free electron with momentum p. Solving (56) one has
u = u+ + u−eiσϕp , (58)
u+=
√
E +m
2E
[
1
pzσ
E+m
]
χ
σ
, u−=
√
E +m
2E
[
0
p⊥
E+m
]
χ
−σ
, (59)
σ = ±1, and χ
±σ
is an eigen-spinor of Σz with eigenvalue
±σ.Write
x = ρ cosϕ, y = ρ sinϕ, (60)
x′ = x− eAckc(pz−E) sin kcz = ρ′ cosϕ′,
y′ = y + eAckc(pz−E) cos kcz = ρ
′ sinϕ′
}
. (61)
They define ρ, ϕ, x′, y′, ρ′ and ϕ′. It is a z-dependent
coordinate transformation from x, y to ρ′, ϕ′.Using the
formula
eia cos θ =
∞∑
n=−∞
inJn(a)e
inθ, (62)
in which Jn(a) is a Bessel function of order n in variable
a, we find
ψr(x, t) = e
i(pzz−Et)
{
1− eAc
2(pz − E) [αx cos kcz + αy sin kcz + i(Σy cos kcz − Σx sin kcz)]
}
× exp
{
i
[
p
⊥
ρ′ cos(kct+ ϕp − ϕ′)− e
2A2c(z − t)
2(pz − E) − C
′
]}
[e−i
σ
2
kctu+ + e
i σ
2
(kct+2ϕp)u−]
= ei(pzz−Et+
σ
2
ϕp)
{
1− eAc
2(pz − E) [αx cos kcz + αy sin kcz + i(Σy cos kcz − Σx sin kcz)]
}
× exp
{
−i
[
e2A2c(z − t)
2(pz − E) + C
′
]} ∞∑
n=−∞
inJn(p⊥ρ
′)e−inϕ
′
[ei(n−
σ
2
)(kct+ϕp)u++e
i(n+σ
2
)(kct+ϕp)u−]
=
∞∑
n=−∞
ei(nϕp−C
′)e−iεntUn(x), (63)
with
εn = E +
e2A2c
2(E − pz) +
(σ
2
− n
)
kc, (64)
Un(x) = exp
{
i
[
pz +
e2A2c
2(E − pz)
]
z
}
×
{
1− eAc
2(pz − E) [αx cos kcz + αy sinkcz + i(Σy cos kcz − Σx sinkcz)]
}
×
[
inJn(p⊥ρ
′)e−inϕ
′
P+ + i
n−σJn−σ(p⊥ρ
′)e−i(n−σ)ϕ
′
P−
]
uσ(0), (65)
in which P± = 1±σΣz2 is the projection operator, uσ(0) =
u+ + u− is u for ϕp = 0. Since ψw is a solution of the
Dirac equation (53), ψr defined in (57) is a solution of
the equation
i
∂ψ
∂t
= {α · (−i∇) + eAc[αx cos(kcz) + αy sin(kcz)]
+ βm+ kcjz}ψ . (66)
Substituting the last expression of the equation (63) into
this equation, we see
∞∑
n=−∞
ei(nϕp−C
′)e−iεnt{α·(−i∇)+eAc[αx cos(kcz)
+αy sin(kcz)]+βm+kcjz − εn}Un(x)=0. (67)
For given p, E and σ, εn is a monotonic function of n.
Functions e−iεnt are linearly independent of each other
for different n. The necessary and sufficient condition for
the validity of equation (67) is
{α·(−i∇)+eAc[αx cos(kcz)+αy sin(kcz)]
+βm+kcjz}Un(x) = εnUn(x). (68)
6Comparing with equation (52) we see ψn(x) = NnUn(x),
Nn is the normalization constant. Equation (65) shows
ψn(x) is characterized by five quantum numbers, besides
n they are pz, p⊥ , σ, and τ . τ = ±1 is defined by E =
τ
√
p2 +m2. To save writing, we keep only one subscript
n to be the representative of these five quantum numbers.
To find the normalization constant, we have to complete
the integration
I =
∫
U †n(x)Un′(x)d
3x. (69)
Since Un(x) is an eigenfunction of an Hermite operator
with eigenvalue εn, I is nonzero only when εn = εn′ .
Eq. (65) shows that the coordinates appeared in two
factors of the integrand above are different. To complete
the integration we have to choose one common set of
coordinates in both factors. Graf formula[15, 16] solves
this problem. Take the cylindric coordinates ρ, ϕ, z for x
in both factors, and use the formula
Jn(p⊥ρ
′)e−inϕ
′
=
∞∑
ν=−∞
Jn−ν(p⊥R)Jν(p⊥ρ)e
−iνϕe−i(n−ν)(kcz−
pi
2
),(70)
in which R = eAckc(E−pz) is of the length dimension. We
also define R′ = eAckc(E′−p′z) for following derivations. The
remaining calculation becomes elementary, though is still
tedious. Main steps are shown in the appendix. The
result is
I =
4pi2
p⊥
δ(p
⊥
− p′
⊥
)δ(pz − p′z)δn,n′δσ,σ′δτ,τ ′ . (71)
It is simple and nice. The normalization constant Nn =
1
2pi makes eigenfunctions ψn(x) =
1
2piUn(x) satisfy the
orthonormal relations∫
ψ†n(x)ψn′(x)d
3x=
1
p
⊥
δ(p
⊥
−p′
⊥
)δ(pz−p′z)δn,n′δσ,σ′δτ,τ ′.
(72)
A careful analysis further shows, that the orthonormal
set [ψn(x)] is complete.
Expand the electron field function Ψ(x) in terms of
[ψn(x)]. Writing ψn(x) in the form ψn,σ,τ (pz, p⊥ ;x),
defining
Un,σ(pz, p⊥ ;x) ≡ ψn,σ,1(pz , p⊥ ;x)
Vn,σ(pz, p⊥ ;x) ≡ ψ−n,−σ,−1(−pz, p⊥ ;x)
}
, (73)
we have
Ψ(x)=
∫ ∞
−∞
dpz
∫ ∞
0
p
⊥
dp
⊥
∞∑
n=−∞
∑
σ=±1
[cn,σ(pz, p⊥)Un,σ(pz , p⊥ ;x)
+ d†n,σ(pz , p⊥)Vn,σ(pz, p⊥ ;x)]. (74)
Using the orthonomal relations (72) we obtain expansion
coefficients
cn,σ(pz , p⊥)=
∫
U †n,σ(pz, p⊥ ;x)Ψ(x)d
3x
d†n,σ(pz, p⊥)=
∫
V †n,σ(pz, p⊥ ;x)Ψ(x)d
3x
}
. (75)
The quantization rules (20,21) may be equivalently writ-
ten in the form
Ψι(x)Ψι′(x
′) + Ψι′(x′)Ψι(x) = 0
Ψι(x)Ψ
†
ι′(x
′) + Ψ†ι′(x
′)Ψι(x) = δι,ι′δ(x− x′)
}
, (76)
ι and ι′ = 1, 2, 3, 4, are component indexes, which in turn
means
cn,σ(pz , p⊥)cn′,σ′(p
′
z , p
′
⊥
) + cn′,σ′(p
′
z, p
′
⊥
)cn,σ(pz , p⊥)
= dn,σ(pz, p⊥)dn′,σ′(p
′
z, p
′
⊥
) + dn′,σ′(p
′
z , p
′
⊥
)dn,σ(pz, p⊥)
= cn,σ(pz , p⊥)dn′,σ′(p
′
z, p
′
⊥
) + dn′,σ′(p
′
z, p
′
⊥
)cn,σ(pz, p⊥)
= cn,σ(pz , p⊥)d
†
n′,σ′(p
′
z, p
′
⊥
) + d†n′,σ′(p
′
z, p
′
⊥
)cn,σ(pz, p⊥)
= 0 , (77)
cn,σ(pz , p⊥)c
†
n′,σ′(p
′
z , p
′
⊥
) + c†n′,σ′(p
′
z, p
′
⊥
)cn,σ(pz , p⊥)
= dn,σ(pz, p⊥)d
†
n′,σ′(p
′
z, p
′
⊥
) + d†n′,σ′(p
′
z , p
′
⊥
)dn,σ(pz, p⊥)
=
1
p
⊥
δ(p
⊥
− p′
⊥
)δ(pz − p′z)δn,n′δσ,σ′ . (78)
They are quantization rules for the electron field in a
laser. The ’vacuum state’ |[ai′c(k′)]; 0〉 in this formula-
tion is therefore defined, besides (35), by
cn,σ(pz, p⊥)|[ai′c(k′)]; 0〉 = 0
dn,σ(pz, p⊥)|[ai′c(k′)]; 0〉 = 0
}
, (79)
showing that the numbers of electron and positron
in vacuum states are zeros. Writing εn in the form
εn,σ,τ(pz , p⊥), taking the normal product, we see the un-
perturbed Hamiltonian
H0r+ =∫ ∞
−∞
dpz
∫ ∞
0
p
⊥
dp
⊥
∞∑
n=−∞
∑
σ=±1
[εn,σ,1(pz, p⊥)c
†
n,σ(pz,p⊥)cn,σ(pz ,p⊥)
−ε−n,−σ,−1(−pz,p⊥)d†n,σ(pz,p⊥)dn,σ(pz,p⊥)]. (80)
Consider, once again, a time dependent unitary trans-
formation generated by the operator eiH0r+t. It trans-
forms the state vector |〉 and the operator O into
|〉(ri) = eiH0r+t|〉 and O(ri) = eiH0r+tOe−iH0r+t (81)
respectively. The time dependence of the state vector
now is governed by the equation
i
d|t〉(ri)
dt
= H ′(ri)|t〉(ri), (82)
in which
H ′(ri)= e
∫
d3x
∫
d3k
∑
i
Ψ†(ri)
[
a′i(k)
α · eirei(kr·x−kt)√
(2pi)32k
+a′i
†
(k)
α · e∗ire−i(kr·x−kt)√
(2pi)32k
]
Ψ(ri) (83)
7is the interaction Hamiltonian in this picture, with
Ψ(ri)(x, t) =
∫ ∞
−∞
dpz
∫ ∞
0
p
⊥
dp
⊥
∞∑
n=−∞
∑
σ=±1
[cn,σ(pz,p⊥)
×e−iεn,σ,1(pz ,p⊥)tUn,σ(pz, p⊥ ;x) + d†n,σ(pz , p⊥)
×e−iε−n,−σ,−1(−pz,p⊥)tVn,σ(pz , p⊥ ;x)]. (84)
This picture is called the rotation-interaction picture,
and denoted by the subscript (ri).
To be complete, we have to add the Coulomb en-
ergy (3) to the interaction Hamiltonian. In the rotation-
interaction picture, it is to add the right hand side of
Hc(ri) =
1
2
∫
d3x
∫
d3x′Ψ†(ri)(x)Ψ(ri)(x)
× α|x− x′|Ψ
†
(ri)(x
′)Ψ(ri)(x′). (85)
to the right hand side of (83). This is important to main-
tain the gauge and Lorentz invariance of the theory. Of
course, in applications, we may ignore this term when
the correction of the first order of
√
α is enough.
V. APPLICATION TO THE LASER ELECTRON
SCATTERING
Consider the laser electron collision, in the course a
photon other than those in the laser is created. This is
a laser Compton scattering. Suppose a circularly polar-
ized laser propagates along the z-direction, as shown in
eq.(37). A beam of electrons moves along the opposite
direction. After collision a photon of wave vector k′ is
created, and an electron of momentum p in the beam is
scattered to a state of momentum p′. Since the laser here
is in a specified mode of amplitude Ac, the label [ai′c(k
′)]
of the ’vacuum state’ in eqs. (35) and (79) will be simpli-
fied to Ac, or further to A. The vacuum state will be de-
noted by |A; 0〉 in the following. Consider the transition
from the state |n, σ, pz , 0〉 = c†n,σ(pz , 0)|A; 0〉 to the state
|k′, e′i;n′, σ′, p′z, p′⊥〉 = a′i†(k′)c†n′σ′(p′z, p′⊥)|A; 0〉. The in-
teraction matrix element is
〈p′
⊥
, p′z, σ
′, n′; e′i,k
′|H ′(ri)|n, σ, pz , 0〉
= ei[εn′, σ′,1(p
′
z, p
′
⊥
)+k′−εn,σ,1(pz, 0)]t
∫
U †n′,σ′(p
′
z , p
′
⊥
;x)
×eα · e
′∗
ire
−ik′r·x√
(2pi)32k′
Un,σ(pz, 0;x)d
3x. (86)
From eq. (59) we see
Un,σ(pz, 0;x) = δn,0U0,σ(pz , 0;x)
=
1
2pi
ei(pz+
eA
2
Rk)z{1 + kR[αx cos kz + αy sin kz
+i(Σy cos kz − Σx sin kz)]/2}uσ(0), (87)
the subscript c of kc is also omitted. What we have to
calculate is
Θi=
∫ ∞
0
ρdρ
∫ 2pi
0
dϕ u†σ′(0){i−n
′
Jn′(p
′
⊥
ρ′)ein
′ϕ′P′+
+i−(n
′−σ′)Jn′−σ′(p′
⊥
ρ′)ei(n
′−σ′)ϕ′P′−}Ξiuσ(0)
×
∞∑
n”=−∞
i−n”e
in”ϕ
k′r Jn”(k
′
⊥
ρ)e−in”ϕ, (88)
with P′± ≡ 1±σ
′Σz
2 , and
Ξi ≡
{
1 +
kR′
2
[αx cos kz + αy sin kz − i(Σy cos kz − Σx sin kz)]
}
αi
×
{
1 +
kR
2
[αx cos kz + αy sinkz + i(Σy cos kz − Σx sin kz)]
}
, (89)
i = x, y, z. ϕ
k′r
= ϕ
k′
+ kt is the longitude of k′r, it is the
angle between the projection of k′r on the x − y plane
and the x−axis. ϕ
k′
is the longitude of k′, which is time
independent. The calculation is elementary but tedious.
The result is
Θi =
2pi
p′
⊥
δ(p′
⊥
− k′
⊥
)e
ip′
⊥
R′ sin(kz−ϕ
k′r
)
√
1
4EE′(E +m)(E′ +m)
(−1)n′ein
′ϕ
k′rWi, (90)
8Wx=
[
k
2
(pz − E −m)(p′z − E′ −m)(Reiσkz +R′e−iσkz)− e
−iσϕ
k′r p′
⊥
(E +m)
]
δσ,σ′
+σ
[
pz(E
′ +m)− p′z(E +m)− e
iσϕ
k′r
k
2
(pz − E −m)p′⊥(Reiσkz +R′e−iσkz)
]
δσ,−σ′ , (91)
Wy=i
{
σ
[
k
2
(pz − E −m)(p′z − E′ −m)(R′e−iσkz −Reiσkz)− e
−iσϕ
k′r p′
⊥
(E +m)
]
δσ,σ′
+
[
pz(E
′ +m)− p′z(E +m)− e
iσϕ
k′r
k
2
(pz − E −m)p′⊥(R′e−iσkz −Reiσkz)
]
δσ,−σ′
}
, (92)
Wz=
{
(E′ +m)pz + (E +m)p′z +
k2RR′
2
(pz − E −m)(p′z − E′ −m)
− kp
′
⊥
2
e
iσ(kz−ϕ
k′r
)
[(R+R′)(E +m)−(R−R′)pz ]
}
δσ,σ′−
{[
k2RR′
2
(pz−E−m)+E +m
]
p
⊥
e
iσϕ
k′r
− ke
iσkz
2
[R(pz − E −m)(p′z + E′ +m)−R′(pz + E +m)(p′z − E′ −m)]
}
σδσ,−σ′ . (93)
Take e′1 = cos θ(cosϕk′x0 + sinϕk′y0) − sin θz0 and
e′2 = − sinϕk′x0 + cosϕk′y0 to be a pair of orthonor-
mal polarization vectors orthogonal to the wave vector
k′, in which θ is the angle between k′ and the z axis. We
have
Θ · e′∗ir =
2pi
p′
⊥
δ(p′
⊥
− k′
⊥
)e
ip′
⊥
R′ sin(kz−ϕ
k′r
)
×
√
1
4EE′(E +m)(E′ +m)
(−1)n′ein
′ϕ
k′r
×
{
δσ,σ′
∑
ν=0,±1
F
(ν)
i e
iν[k(z−t)−ϕ
k′
]
+ δσ,−σ′
∑
ν=0,±1
G
(ν)
i e
iν[k(z−t)−ϕ
k′
]e
iσϕ
k′r
}
, (94)
i = 1, 2, in which
F
(0)
1 = − cos θp′⊥(E +m)− sin θ[(E′ +m)pz
+(E +m)p′z+
1
2k
2RR′(pz−E−m)(p′z−E′−m)],
F
(σ)
1 =
k
2{cos θR(pz −E −m)(p′z −E′ −m)
+sin θp′⊥[(R+R
′)(E +m)−(R−R′)pz},
F
(−σ)
1 =
k
2 cos θR
′(pz − E −m)(p′z − E′ −m),
G
(0)
1 = σ{cos θ[pz(E′ +m)− p′z(E +m)]
+ sin θp′⊥[
k2RR′
2 (pz − E −m) + E +m]},
G
(σ)
1 = −σk2 {cos θRp′⊥(pz − E −m)
+ sin θ[R(pz − E −m)(p′z + E′ +m)
−R′(pz + E +m)(p′z − E′ −m)]},
G
(−σ)
1 = −σk2 cos θR′p′⊥(pz − E −m),


(95)
F
(0)
2 = −iσp′⊥(E +m),
F
(σ)
2 = −iσ kR2 (pz − E −m)(p′z − E′ −m),
F
(−σ)
2 = iσ
kR′
2 (pz − E −m)(p′z − E′ −m),
G
(0)
2 = i[pz(E
′ +m)− p′z(E +m)],
G
(σ)
2 = i
kR
2 p
′
⊥(pz − E −m),
G
(−σ)
2 = −ikR
′
2 p
′
⊥(pz − E −m).


(96)
Substituting (94) into (86), using (62) once again, we
obtain
〈p′
⊥
, p′z, σ
′, n′; e′i,k
′|H ′(ri)|n, σ, pz, 0〉 =
eδ(p′
⊥
− k′
⊥
)√
(2pi)32k′p′
⊥
×
√
1
4EE′(E +m)(E′ +m)
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
×
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′z − pz +
eA
2
(R′ −R)k + k′z −Nk]
×ein′(ϕk′+pi)ei[E′−E+ eA2 (R′−R)k+k′−Nk]t. (97)
Notice, terms containing the factor σ2 − n in εn and the
factor σ
′
2 −n′ in εn′ disappear due to cancelations in the
calculation. The matrix element is decomposed into a
series of terms with different time dependence, charac-
terized by an integer parameter N . The resonance con-
dition
E′ − E + eA
2
(R′ −R)k + k′ −Nk = 0 (98)
is put on variables E′, E, p′z, k′, k and on the parameter
N , but not on σ′, σ, n′ and n. Therefore, transitions with
same E′, E, p′z, k′, k and N , but different σ′, σ, n′ and n,
may have nonzero probabilities simultaneously and be
coherent with each other. This point is important in the
following. In the limit A → 0, this equation may be
9interpreted as energy conservation in the collision, N is
interpreted to be the number of photons in laser absorbed
during the collision. This interpretation is questionable
since its ignorance of coherence and interactions between
particle states. It becomes obvious when A is finite.
In quantum field theory, people assumes that the in-
teraction switches on and off infinitely slow. This is the
adiabatic assumption. We take this assumption for the
case with a laser interaction, so that the Gell-Mann Low
theorem[17] is applicable to the equation (66). Eqs. (73)
and (65) show that at the limit A→ 0,
Un,σ(pz , p⊥ ;x)→ U (0)n,σ(pz, p⊥ ;x) ≡
eipzz
2pi
×
[
inJn(p⊥ρ)e
−inϕP++in−σJn−σ(p⊥ρ)e
−i(n−σ)ϕP−
]
uσ(0).
(99)
This is a solution of Dirac equation for a free electron,
and
∞∑
n=−∞
einϕp√
2pi
U (0)n,σ(pz, p⊥ ;x) =
1√
(2pi)3
eip·x u (100)
is a plane wave solution of Dirac equation for a free elec-
tron of momentum p = p
⊥
(cosϕpx0 + sinϕpy0) + pzz0,
u is defined by eq.(58). In the case of p
⊥
= 0, we have
U (0)n,σ(pz, 0;x) =
δn,0
2pi
eipzzu. (101)
It is nonzero only when n = 0. In this case, it is already
a plane wave of electron with momentum p = pzz0.
Suppose a free electron of momentum p = pzz0 and
spin σ comes from remote past and meets a laser on
the way. It evolves according to Gell-Mann Low the-
orem into the state Un,σ(pz , 0;x). The above anal-
ysis shows, this state may transit to a superposition∑∞
n′=−∞
e
in′ϕp√
2pi
Un′,σ′(p
′
z , p
′
⊥
;x) of electron states in the
laser due to the electromagnetic interaction H ′(ri), and
emit a photon of momentum k′. This superposition
of electron states evolves once again in the laser, into
the state 1√
(2pi)3
eip
′·x uσ′ of a free electron when goes
to the remote future. In this process, the initial state
is |N,k′, e′i;p, σ〉 = 1√N !a′i
†N
(k′)c†0,σ(pz , 0)|A; 0〉, with
p = pzz0. N is the number of photons of momentum
k′ 6= k before the emission. The final state is
|N + 1,k′, e′i;p′, σ′〉 =
1√
(N + 1)!
×a′i†N+1(k′)
∞∑
n′=−∞
ein
′ϕp′√
2pi
c†n′,σ′(p
′
z, p
′
⊥
)|A; 0〉. (102)
The interaction matrix element is
〈σ′,p′; e′i,k′, N + 1|H ′(ri)|N,k′, e′i;p, σ〉 =
e
2pi
√
2k′
×
√
N + 1
4EE′(E +m)(E′ +m)
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
×
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]
×ei[E′−E+ eA2 (R′−R)k+k′−Nk]t, (103)
in which
δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]
=
δ(p′
⊥
− k′
⊥
)
p′
⊥
δ(ϕ
k′
+ pi − ϕ
p′
)
×δ[p′z − pz +
eA
2
(R′ −R)k + k′z −Nk] (104)
is a 3-dimensional δ-function.
In the first order perturbation, the transition ampli-
tude of the process is
〈σ′,p′; e′i,k′, N+1|T |N,k′, e′i;p, σ〉=−i
∫ ∞
−∞
〈σ′,p′; e′i,k′, N+1|H ′(ri)|N,k′, e′i;p, σ〉dt=−i
e√
2k′
×
√
N + 1
4EE′(E +m)(E′ +m)
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]δ[E′ + k′ − E −Nk + eA
2
(R′ −R)k]. (105)
δ−functions give selection rules for non-zero transition
probability. Besides eq. (98), we have
p′ + k′ − p−Nk + eA
2
(R′ −R)k = 0. (106)
In the limit A = 0, it means the usual momentum conser-
vation of the process. The A−dependent term shows the
coherence effect of the laser. Using these two selection
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rules we obtain
k′=
Nk(E − pz)
E +Nk + eA2 Rk − (pz +Nk + eA2 Rk) cos θ
.(107)
For given incident electrons and laser, this formula gives
the direction dependence of the energy of emitted photon.
For N = 1 and in the limit A = 0, it reduces to the
Compton formula for the usual Compton scattering[18,
19].
According to the collision theory, the transition prob-
ability is[13, 14]
P = |〈σ′,p′; e′i,k′, N+1|T |N,k′, e′i;p, σ〉|2d3p′d3k′.(108)
The easiest way to understand the multiplication of
d3p′d3k′ is by the method of box normalization. The
squares of δ−functions are handled by
δ[Φ(ζ)]dζ = δ[Φ(ζ)]dΦ
dζ
dΦ
=
dζ
dΦ
,
under the condition of Φ(ζ) = 0, (109)
and
δ(0) =
1
2pi
∫ ∞
−∞
dξ =
∆ξ
2pi
, for macroscopic ∆ξ.(110)
The transition probability per-unit time in unit volume
and unit solid angle of k′ is
∂5P
∂3x∂t∂Ωk′
=
αk′
(2pi)3
N + 1
4EE′(E +m)(E′ +m)
× E
′k′
Nk(E − pz)
∞∑
N=−∞
∣∣∣∣∣
∑
ν=0,±1
JN−ν(p′⊥R
′)
[
δσ,σ′F
(ν)
i e
−iNϕ
k′
+δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]∣∣∣2 . (111)
In the problem of collision between particles, the cross
section of the target particle is measured and calculated.
It is the probability of occurrence of a given kind collision
when there is an incident particle comes across a unit
area. Our problem is the collision between an electron
and a laser. The corresponding quantity to be measured
and calculated is the probability of creating a photon
in a volume of the laser by an electron coming across a
unit area. We call it the cross section of that volume
of the laser. In the remote past, the incident electron
was in the state (101). There is a piece of probability of
amount |pz|/[E(2pi)2] passing across a unit area in the x−
y plane per unit time. In our unit system, the compton
wavelength of an electron is m−1. In the unit of m−2,
the differential cross section of a piece of laser of volume
m−3, in which a photon of momentum k′ is emitted in a
unit solid angle by an incident electron, is
dΣ
dΩk′
=
αk′2(N + 1)
8pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
∣∣∣∣∣
∑
ν=0,±1
JN−ν(p′⊥R
′)
[
δσ,σ′F
(ν)
i + δσ,−σ′G
(ν)
i e
iσϕ
k′
]∣∣∣∣∣
2
.
(112)
The cross section is decomposed into an incoherent
sum of partial cross sections, each associates an integer
N , which may be imagined to be the number of pho-
tons in the laser participating the collision. A partial
cross section is proportional to an absolute square of a su-
perposition of three partial waves each contains a Bessel
function factor. It forms a characteristic diffraction pat-
tern depending on the integer N , to be verified by exper-
iments. This result seems to be an interpretation of the
multi-photon process seen in experiments[1, 2]. However,
the physics shown in our derivation is not a multi-photon
process, but is an effect originated by the electron wave
distortion in a laser. It is exactly handled for the case
of circularly polarized laser. In the collision, only one
photon is emitted directly by an electron. It is handled
by perturbation. This is justified by the smallness of the
fine structure constant α. The precision of the derivation
here is therefore as high as those in the usual quantum
electrodynamics in vacuum.
To compare this result with the Klein-Nishina
formula[20, 21] for the usual Compton scattering is in-
teresting. Take N = 0 and N = 1, calculate the average
cross section
dΣ
dΩk′
(i) =
1
2
∑
σ=±1
∑
σ′=±1
dΣ
dΩk′
(113)
from the formula (112). The result is still dependent on
the polarization i of the outgoing photon state. On the
other hand, transform the Klein-Nishina formula into a
coordinate frame, in which an electron moves and makes
a head-on collision with a target photon. It may be easily
done by Lorentz and gauge transformations[13, 22]. In
a laser of amplitude A and frequency k, the number of
photons in a volume m−3 is km (
eA
m )
2/(4piα). Multiplying
the transformed Klein-Nishina formula by this number,
we obtain the total average cross section
dΣ
dΩk′
(i)
∣∣∣∣
KN
=
α(eAk′)2
16pimk|pz|(E − pz)
[
(E − pz)k
(E − pz cos θ)k′
+
(E − pz cos θ)k′
(E − pz)k − 2 + 4|e · e
′
i|2
]
(114)
of an aggregate of non-coherent photons in a volumem−3
for a head-on incident electron. The unit of the cross sec-
tion here is again m−2. Numerical calculation shows, for
given E, k, i and A, the output from (113) with N = 1 is
smaller than that from (114). The coherence of photon
states in the laser depresses the transition probability.
This depression in turn offers a way for measuring the
coherent amplitude A of a photon beam. The difference
of outputs approaches zero rapidly when A→ 0. It is rea-
sonable, and may be regarded as a check of our derivation
here. Examples for E/m = 3×102 and k/m = 3.09×10−6
are shown in fig.1 and fig.2, relations between
Y (i) ≡ log10
[(
dΣ
dΩk′
(i)
∣∣∣∣
KN
− dΣ
dΩk′
(i)
)
/
dΣ
dΩk′
(i)
∣∣∣∣
KN
]
and X ≡ log10(eA/m) are plotted.
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FIG. 1: Relations between Y (1) and X, in which E/m =
3 × 102 and k/m = 3.09 × 10−6, θ is the angle between the
wave vector k′ of the outgoing photon state and the wave
vector k of the incident laser.
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FIG. 2: Relations between Y (2) and X, in which E/m =
3 × 102 and k/m = 3.09 × 10−6, θ is the angle between the
wave vector k′ of the outgoing photon state and the wave
vector k of the incident laser.
For an arbitrarily given polarization e′ =
∑
i=1,2 cie
′
i
of the created photon, with |c1|2 + |c2|2 = 1, the cross
section (112) becomes
dΣ
dΩk′
=
αk′2(N + 1)
8pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
|[δσ,σ′e′∗ ·FN + δσ,−σ′e′∗ · GN ]|2 , (115)
in which
F
N
=
∑
ν=0,±1 F
(ν)JN−ν(p′⊥R
′)
G
N
=
∑
ν=0,±1G
(ν)JN−ν(p′⊥R
′),
}
(116)
with
F (ν)≡
∑
i=1,2
F
(ν)
i e
′
i, G
(ν)≡
∑
i=1,2
G
(ν)
i e
iσϕ
k′ e′i. (117)
For definite σ, σ′ and N , the polarization of the outgoing
photon is also definite. It is e′f ≡ FN /FN for σ′ = σ or
e′g ≡ GN /GN for σ′ = −σ, with FN ≡
√
F
∗
N
·F
N
and
G
N
≡
√
G
∗
N
· G
N
. For an arbitrarily given polarization e′
of the outgoing photon, the average cross section (113)
becomes
dΣ
dΩk′
(e′) =
αk′2(N + 1)
16pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
∑
σ=±1
e′∗ ·Z
N
· e’, (118)
in which
Z
N
≡ F
N
F
∗
N
+ G
N
G
∗
N
(119)
is a tensor. If the polarization of the outgoing photon is
not measured, the average cross section is
dΣ
dΩk′
=
αk′2(N + 1)
16pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
∑
σ=±1
(F2
N
+ G2
N
). (120)
Suppose the incident electron and the outgoing pho-
ton are polarized, with certain quantum numbers σ and
e′. The state of outgoing electron is a superposition
a1|k′, e′;n′, σ′1, p′z, p′⊥〉 + a2|k′,e’;n′, σ′2, p′z, p′⊥〉 of states
with σ′1 = σ, σ
′
2 = −σ, and |a1|2 + |a2|2 = 1 in general.
The cross section (115) becomes
dΣ
dΩk′
=
αk′2(N + 1)
8pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
e′∗ ·Z
N
· e’ ∣∣χ′†χ
N
∣∣2 , (121)
in which
χ′=
[
a1
a2
]
and χ
N
=
1√
e′∗ ·Z
N
· e’
[
e′∗ ·F
N
e′∗ · G
N
]
(122)
are normalized spinors in the [χσ] representation. Since
the cross section is zero when χ′ is orthogonal to χ
N
, the
outgoing electron is polarized. Its spin state is described
by the spinor χ
N
.
VI. THE CASE OF LARGE N
The Bessel function in equation (112) may be eas-
ily worked out by its series expression when the or-
der and the argument are small. On the other hand,
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TABLE I: Some numerical results of average cross sections
calculated by use of (113) with θ = 3.14 and eA/m = 1.50 ×
10−2
N E/m k/m k′/m dΣ
dΩk′
(1)
1 7.0× 103 3.09 × 10−6 2.648 2.27× 10−9
2 7.0× 103 3.09 × 10−6 5.28 9.99× 10−13
3 7.0× 103 3.09 × 10−6 7.89 4.18× 10−16
TABLE II: Some numerical results of average cross sections
calculated by use of (113) with θ = 3.14 and eA/m = 10.5
N E/m k/m k′/m dΣ
dΩk′
(1)
1 7.0× 103 4.43× 10−9 7.76× 10−5 4.17× 10−8
2 7.0× 103 4.43× 10−9 1.55× 10−4 3.67× 10−9
3 7.0× 103 4.43× 10−9 2.33× 10−4 3.05× 10−10
523 7.0× 103 4.43× 10−9 1.90 1.08× 10−8
from selection rules (98) and (106) we see E′ − p′z =
E − pz − k′(1− cos θ). The argument of the Bessel func-
tion here is therefore
p′⊥R
′ = sin θ
N (E − pz)
E + (Nk + eA2 Rk)(1− cos θ)− pz cos θ
× eA
E − pz − k′(1− cos θ)
=
N eA sin θ
E + eA2 Rk(1− cos θ)− pz cos θ
= SN , (123)
S is independent of N . When N becomes large, the
order and the argument of the Bessel function become
large simultaneously. The asymptotic form for this case
is well known[15, 16]. For our case, 0 < S ≤ 1, we have
S = sech ξ, ξ is a real number. The two term asymptotic
form of the Bessel function is
JN±ν(N sech ξ) ≃ JN (N sech ξ)
∼ e
N (tanh ξ−ξ)
√
2Npi tanh ξ
[
1−
(
1
8
− 5
24
coth2 ξ
)
1
N tanh ξ
]
,
for ν = 0,±1 andN →∞. (124)
This asymptotic form makes us able to consider the case
of large N . When other parameters are fixed, N may be
fixed by maximizing the cross section.
Some numerical results are listed in the tables, one
case occupies one row. For an example, the first row of
table I shows the case 1 with N = 1. In this case, in the
usual units, the energy of the incident electron is 7×103×
0.51MeV = 3.57GeV, the energy of a photon in the head-
on laser is 3.09× 10−6× 0.51MeV = 1.576eV, the energy
of the emitted photon is 2.648 × 0.51MeV = 1.35MeV,
and the average differential cross section for emitting a
photon of the polarization 1 per volume λ3c of the laser
is 2.27× 10−9(λ2c), in which λc = h¯/mc = 3.86× 10−13m
is the Compton wave length of the electron. The last
row of table II shows another example. It is a case of
large N = 523. The energy of the incident electron is
again 3.57GeV, the energy of a photon in the laser is
now 4.43 × 10−9 × 0.51MeV = 2.259meV, the energy of
the emitted photon is 1.9×0.51MeV = 0.97MeV, and the
average differential cross section for emitting a photon of
the polarization 1, per volume λ3c of the laser, is 1.08 ×
10−8(λ2c). The angle θ between the emitting direction
and the direction of the laser propagation is 3.14 for all
these cases. From the k/m and eA/m we may calculate
the energy flux of the laser. It is 1019W/m2 for all these
seven cases, and is reachable by present techniques.
VII. THE POSSIBILITY OF MAKING A γ-RAY
LASER
In all cases shown in table I and the case shown in
the last row of the table II we see, energies of the emit-
ted photons are in the γ−ray range. The possibility of
constructing a γ-ray laser by the collision between high
energy electrons and an usual laser is worthy to consider.
Suppose the electron-laser collision happens in a tube of
cross section S and length L, with
√
S ≪ L. Electrons
come from an accelerator, enter the tube at one of its
ends, say end 1; then move to another end, say end 2,
and exit from the tube there. The laser enters the tube
at end 2, then propagates along an opposite direction in
the tube to end 1, and exits there. Denote the distance
between a point in the tube and the end 1 by l. The vol-
ume dV of a space in the tube between two sections at l
and l+dl respectively is Sdl. The total average differen-
tial cross section of the laser in this space for an electron
of energy E emitting a photon of polarization i and wave
vector k′ is S dΣdΩk′ (i)
dl
λc
. The probability of emitting a
photon of this kind by an electron passing through the
space dV is dΣdΩk′
(i) dlλc . The number of photons of this
kind emitted by a burst of n those electrons in the space
dV is
dN = [N(l) + 1]a
dl
λc
, with a = n
dΣ
dΩk′
(i)/[N(l) + 1]
(125)
During the emission, the energy of the electron decreases.
Suppose there are some techniques being able to supply
the electron energy (pump), and maintain it to be the
value E, the number n of electrons having energy E,
and therefore the parameter a in this equation, may be
a constant in the whole course. In this case, the solution
of equation (125) under the initial condition N(0) = 0 is
N(l) = eal/λc − 1. (126)
For n ∼ 1, dΣdΩk′ (i)/[N(l) + 1] ∼ 10
−8, and L ∼ meters,
N(L) is almost infinity. This is the γ−ray amplification
by the stimulated emission of radiation.
The pump technique may be a way of accelerating elec-
trons along the tube. Since the change of electron energy
distribution due to emissions in the tube may be calcu-
lated by the present theory, the way of acceleration for
maintaining the original electron energy distribution may
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be designed. Another way of pumping is to open more
entrances and exits on the wall along the tube, so that
one may substitute the bust of electrons with required
energy distribution for the old electron burst, which has
been changed due to emissions.
The difficulty of finding transition schemes for ampli-
fying γ−rays is not serious. Many processes are suitable
for this purpose[23]. The difficulty of finding a resonator
for γ−ray amplification is truly serious. The tube sug-
gested above, if long enough, may play the role, which
was played by the resonator in the usual lasers. It makes
us feel hopeful.
VIII. DISCUSSIONS
Since the fine structure constant α is small, the
electron-photon interaction is weak, the quantum elec-
trodynamics of a system composed of a few electrons
and photons in the vacuum may be handled by perturba-
tion. However, because of a huge number of photons in
the laser, the electron-laser interaction may be not weak.
The quantum electrodynamics could not be handled by
perturbation in general, if a laser is present. The way
out of this difficulty is to divide the interaction into two
parts. One is the interaction, by which an electron ab-
sorbs or emits a photon. This part is still weak, and may
be handled by perturbation. Another is the interaction
between an electron and a laser. This part may be so
strong, that the perturbation method breaks down. In
this case, one has to find other reliable methods to han-
dle. We considered the electron-laser collision, in which a
photon other than those in the laser is emitted. The elec-
tron laser interaction makes a distortion of the electron
wave, which is exactly solved for the circularly polarized
laser. The emission of photon by the electron is handled
by perturbation as usual. It is justified by the small-
ness of the fine structure constant α. The theory is as
precise as that for the usual quantum electrodynamics
treatment of the emission-absorption processes in vac-
uum. By use of this formulation we see that there may
be some phenomena indeed which were interpreted to be
the multi-photon processes[1, 2]. But according to our
analysis, they are phenomena originated by the electron
wave distortion, induced by the laser field. It is therefore
truly non-perturbative.
To realize this procedure, we divided the electromag-
netic field into two parts. One is the laser and another
is the deviation of the electromagnetic field from it, as
did in equations (31) and (32). The laser is a given clas-
sical field, and the deviation from it is quantized. The
quantization of electromagnetic field around one of its
classical solution is a generalization of its usual quantiza-
tion (around the vacuum), and is equivalent to it. In the
canonical quantization, to quantize a classical theory of
canonical variables qc and pc, one substitutes q-numbers
q and p for c-numbers qc and pc, and applies the quanti-
zation rule qp−pq = i to them. Now for an arbitrary pair
of c-number functions qc(t) and pc(t) of time t, we may
introduce the variables Q ≡ q − qc(t) and P ≡ p − pc(t)
instead of q and p, to equivalently describe the system.
They satisfy the same quantization rule QP − PQ = i.
The quantization based on new pairs of variables is a gen-
eralization of the one based on old pairs, and is equivalent
to it. Though this substitution is almost trivial, it does
offer something new. Besides its application to the elec-
tron laser collision here, we applied it to calculate the
residual interaction between nucleons on the basis of a
relativistic mean field solution for nuclear matter[24].
The main skill in this work is to find a complete set
of orthonormal eigenfunctions for equation (52). It is de-
rived from Wolkow solution[11] of Dirac equation for an
electron in a plane electromagnetic wave. The result is
used in the quantization of electron field in our case. The
same set also offers a general solution of the relativistic
quantum mechanics for an electron in a circularly polar-
ized electromagnetic field. It may be used in researches
of the electron motion in a laser as well. Among others,
it may give tips on how to shorten the electron bursts
in the laser. It is important in the techniques for laser
acceleration of electrons[25].
Eq. (112) shows the existence of the stimulated emis-
sion in electron laser collision. In section VII we consid-
ered the possibility of making a γ−ray laser by use of
this process. The result is exciting. It is possible to be
realized with an acceptable size.
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APPENDIX: MAIN STEPS FOR DERIVING
EQUATION (71)
They are:
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Ξ ≡
{
1 +
kcR
2
[αx cos kcz + αy sinkcz − i(Σy cos kcz − Σx sin kcz)]
}
×
{
1 +
kcR
′
2
[αx cos kcz + αy sin kcz + i(Σy cos kcz − Σx sin kcz)]
}
= 1 +
k2cRR
′
2
(1− αz) + kc
2
(R +R′)(αx cos kcz + αy sinkcz)
+
ikc
2
(R′ −R)(Σy cos kcz − Σx sin kcz), (127)
Θ ≡
{
i−nJn(p⊥ρ
′)einϕ
′
P+ + i
−(n−σ)Jn−σ(p⊥ρ
′)ei(n−σ)ϕ
′
P−
}
Ξ
×
{
in
′
Jn′(p
′
⊥
ρ′′)e−in
′ϕ′′P′+ + i
(n′−σ′)Jn′−σ′(p′
⊥
ρ′′)e−i(n
′−σ′)ϕ′′P′−
}
=
[
1 +
k2cRR
′
2
(1− αz)
]{
δσ,σ′ i
n′−n
[
Jn(p⊥ρ
′)Jn′(p′
⊥
ρ′′)ei(nϕ
′−n′ϕ′′)P+
+Jn−σ(p⊥ρ
′)Jn′−σ(p′⊥ρ
′′)ei(n−σ)ϕ
′
e−i(n
′−σ)ϕ′′P−
]
+ δσ,−σ′ in
′−n+σ
×
[
Jn(p⊥ρ
′)Jn′+σ(p′
⊥
ρ′′)einϕ
′
e−i(n
′+σ)ϕ′′P+ + Jn−σ(p⊥ρ
′)Jn′(p′
⊥
ρ′′)ei(n−σ)ϕ
′
e−in
′ϕ′′P−
]}
+
1
2
[kc(R+R
′)(αx cos kcz + αy sin kcz) + ikc(R′ −R)(Σy cos kcz − Σx sin kcz)]
{
δσ,σ′ i
n′−n−σ
×
[
Jn(p⊥ρ
′)Jn′−σ(p′⊥ρ
′′)einϕ
′
e−i(n
′−σ)ϕ′′P− − Jn−σ(p⊥ρ′)Jn′(p′⊥ρ′′)ei(n−σ)ϕ
′
e−in
′ϕ′′P+
]
+δσ,−σ′ in
′−n
[
Jn(p⊥ρ
′)Jn′(p′
⊥
ρ′′)ei(nϕ
′−n′ϕ′′)P−
− Jn−σ(p⊥ρ′)Jn′+σ(p′⊥ρ′′)ei(n−σ)ϕ
′
e−i(n
′+σ)ϕ′′)P+
]}
; (128)
and ∫ ∞
0
∫ 2pi
0
u†σ(0)Θuσ′(0)ρdρdϕ=
pi
p
⊥
δ(p
⊥
− p′
⊥
)ei[
σ′−σ
2
+n−n′]kczW, (129)
with
W ≡ u†σ(0){[2 + k2cRR′(1− αz)][δσ,σ′Jn−n′(p⊥∆R) + δσ,−σ′Jn−n′−σ(p⊥∆R)]
−kc[(ΣRγ5 +∆R)Σ−+(ΣRγ5 −∆R)Σ+][δσ,σ′(Jn−n′+σ(p⊥∆R)P−+Jn−n′−σ(p⊥∆R)P+)
+δσ,−σ′(Jn−n′(p⊥∆R)P− + Jn−n′−2σ(p⊥∆R)P+)]}uσ′(0), (130)
in which ΣR ≡ R+R′,∆R ≡ R′−R,Σ± ≡ Σx±iΣy2 , γ5 ≡
γ1γ2γ3γ4 = −αiΣi, i = x, y, z. The formula (70), formu-
lae
αiαj + αjαi = 2δi,j,
ΣiΣj +ΣjΣi = 2δi,j ,
}
for i, j = x, y, z, (131)
the orthogonal relations∫∞
0 Jn(p⊥ρ)Jn(p
′
⊥
ρ)ρdρ = 1p
⊥
δ(p
⊥
− p′
⊥
),∫ 2pi
0
ei(ν−ν
′)ϕdϕ = 2piδν,ν′ ,
}
(132)
and the addition theorem
∞∑
n′=−∞
Jn+n′(ξ1)Jn′(ξ2) = Jn(ξ1 − ξ2) (133)
are used. Now,
I =
pi
p
⊥
δ(p
⊥
− p′
⊥
)
∫ ∞
−∞
ei(ηn′−ηn)zWdz, (134)
with ηn = pz +
e2A2c
2(E−pz) + (
σ
2 − n)kc and ηn′ = p′z +
e2A2c
2(E′−p′z) + (
σ′
2 − n′)kc. Since W is z independent, the
nonzero condition for the integral in eq. (134) is ηn = ηn′ .
The nonzero conditions for I include εn = εn′ , ηn = ηn′
and p
⊥
= p′
⊥
. After a careful analysis we see that they
mean p
⊥
= p′
⊥
, pz = p
′
z, τ = τ
′, ∆R = 0, n = n′ if
σ = σ′, n′ = n − σ if σ = −σ′. Since Jn(0) = δn,0 and
u†σ(0)αzuσ′(0) =
pz
E δσ,σ′ , we finally obtain
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I=
4pi2
p⊥
[
1 +
k2R2
2
(
1− pz
E
)]
δ(p
⊥
− p′
⊥
)δ(η − η′)δn,n′δσ,σ′δτ,τ ′
=
4pi2
p⊥
[
1 +
k2R2
2
(
1− pz
E
)] 2E(E − pz)
2E(E − pz) + e2A2c
δ(p
⊥
− p′
⊥
)δ(pz − p′z)δn,n′δσ,σ′δτ,τ ′
=
4pi2
p⊥
δ(p
⊥
− p′
⊥
)δ(pz − p′z)δn,n′δσ,σ′δτ,τ ′ . (135)
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